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The effect of surface tension and viscosity forces on the rate of 
collapse of a cavitation vapor bubble has been quantitatively esti- 
mated. The results of corresponding computations of the cavity 
collapse rate obtained by exact and approximate methods are com- 
pared. 

The radia l  mot ion  of a spher ica l  vapor  bubble in an 
i n c o m p r e s s i b l e  fluid is desc r ibed  by the equation [1] 

C 2D § 1 --0.  
T (1) 

If we a s sume  that the effect of the sur face  tens ion  
forces  and v i scos i ty  can be neglected,  we can eas i ]y  
evaluate  the f i r s t  in tegra l  of the di f ferent ia l  equat ion 
(1) [2]: 

[~= 2 (1--63). 
363 (2)  

If we set C = 0 in Eq. (I), it can also be integrated 

[ ~ =  2 0 - 6  ") l + 3 D . 1  
3~ 3 1 - -  " (3) 

The effect of the sur face  tens ion  forces  on the ra t e  
of col lapse of a cavi ta t ion  bubble will be sma]l  if 

1 
D < - ~ - .  (4) 

As a r e s u l t  of an ana lys i s  and numer ica l  in tegra t ion  
of Eq. (1), for the case D = 0 it has been shown [3-5] 
that there  is a c r i t i ca l  value of the ini t ia l  r ad ius  R~ 
such that at R0 < R~ the cavity col lapse t ime becomes  
inf in i te ly  la rge .  

The v i scos i ty  effect is s igni f icant  only at fi </- 1, 
when the veloci ty  of the cavi ty  boundary  is suff ic ient ly  
la rge .  In this s tage,  r e l a t i on  (2) can be wr i t ten  ap-  
p rox imate ly  in the form 

~2=. 2 
363 (5) 

We substitute into the viscosity term of Eq. (i) 
the value of the boundary velocity (5). In this case, 
the role of the viscous stresses is exaggerated, since 
the actual boundary velocity should be lower. Obvi- 
ously, this applies only if condition (4) is satisfied. 
In this case, integration of Eq. (1) leads to the result 

~e = _ 2 (1---63)• 
31P 

• + 3D I - - 6  ~ 2 ] /6C 1--61/2 ] (6) 
I - -  ~3 i - -  63 ] 

When fl < 1, so that fi3 << 1, exp res s ion  (6) can be 
s implif ied:  

~2_  2 [1 + 3 D ( 1 - - 6 2 ) - - 2 ] / 6 - C ( 1 ~ 6 ' / 2 ) ] .  (7) 
363 

In the final s tages of motion,  when fl << 1, re la t ion  
(6) can be fu r the r  s impl i f ied:  

~ = ~ (1 + 3D- -  2 V~-c ) .  
363 (8) 

Using r e l a t ions  (6), (7), and (8), we can compute 
the veloci ty of the boundary  of the col lapsing cavity 
in var ious  s tages  of motion.  

When D = 0, r e l a t i on  (8) takes the value 

13 ~ = ~ (1 - 2 V ~ c ) ,  
363 (9) 

from which it follows that the effect of viscosity on 
the collapse rate will be small if C < (2,/6) -i. The 
velocity vanishes if C = (2 ,/'6) -I. In this case, the 
value of the initial radius should approximately cor- 
respond to the critical value R~. With further increase 
in the parameter C, relation (9) becomes meaningless, 
since the velocity becomes an imaginary quantity. 

For the collapse of a cavity in water under atmo- 
spheric pressure, the exact value of the critical ini- 
tial radius R 0 = 8 �9 10-~m [4], and that calculated 
from Eq. (9) is R~= 2 �9 10-6m. The agreement is 
quite satisfactory, indirect evidence of the accuracy 
of the proposed solution. As was to be expected, ow- 
ing to the exaggeration of the role of viscosity, the 
critical radius is likewise overestimated. 

It follows from (8) that a situation may exist in 
which the investigated factors mutually compensate 
each other, 

3D - -  2 ] /6-C = 0 (10) 

and the boundary  veloci ty  is given by the Rayleigh 
solut ion [2]: K = fl [2/(3fl3)] -172 = 1. 

It follows f rom (10) that, i r r e s p e c t i v e  of the depen-  
dence on the ini t ia l  r ad ius ,  the su r face  tens ion  and 
v i scos i ty  forces  mutua l ly  compensate  each other  if 
the ex te rna l  p r e s s u r e  has the value 

po=2.34 10 -~ ~9  ~ (11) 

The effect of the invest igated factors  will be smal l  
(K ~ 1) if 

13o - 2  V 6  c l  << 1. (~2) 
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T a b l e  1 

The  E r r o r  A% 

Po,  k g  ' m. -2 

R o ,  m 
10 '~ [ 10' 10 n 1 , 3 2 . 1 0 '  10'- 10 ~ 10 ~ 

10--~ 
10--a 
10--4 
10--a 

--3.10 -4 --9-10 -4 
--3.10 -3 --9.10 -a 

--9-10 -2 --3.10 -2 --9-10 -~ --3. t0 -1 

--2.10 -a 
--2.10--~ 
--~. lO-~ 

1,4.10-s 
1 , 4 . 1 0 - z  
1 .4 .  I0 -1 
1.4 

8-10  - ~  
. lO-X 

1 
I0 

In th i s  c a s e ,  by  m e a n s  of a T a y l o r e x p a n s i o n e x p r e s -  
s ion  (8) can  be  r e d u c e d  to the  f o r m  

K = [~ [2/(3[~a) ] - 1 /2=  1 -b 1.5D--V6C. (13) 

I t  is  c o n v e n i e n t  to r e f e r  the  e x t e r n a l  p r e s s u r e  to 
i t s  e q u i l i b r i u m  v a l u e  g i v e n  by r e l a t i o n  (11), e = P0/P~; 

then  P0 = 2.34 �9 10-2e(72p/~ -2 and the  e x p r e s s i o n  f o r  
the  e r r o r  i n t r o d u c e d  by  the  ac t i on  of the  v i s c o s i t y  and 

s u r f a c e  t e n s i o n  f o r c e s  into the  v a l u e  of the  b o u n d a r y  
v e l o c i t y  is g i v e n  by the  r e l a t i o n  

A % = 6.4.10~ ~t2 (~pe Ro)-I (1 --eI/2).  (14) 

I n t e r e s t  i s  u s u a l l y  f o c u s e d  on c a v i t a t i o n  in w a t e r  
( ~ = 7 . 5 .  10 - ~ k g .  m =1, # =  10 - 4 k g -  s e c "  m - 2 ,  
p = 102 kg  �9 s e c  2 �9 m-4) ;  in th is  p a r t i c u l a r  c a s e ,  

A % = 8.5.10 -5 (1 - -  e 1/2 ) (~ Ro) -~. (15) 

The  r e s u l t s  of c a l c u l a t i o n s  b a s e d  on (11) and (15) 
a r e  p r e s e n t e d  in  T a b l e  1. 

The  c a l c u l a t i o n s  s h o w  tha t  the  v i s c o s i t y  and s u r -  
f a c e  t e n s i o n  e f f e c t s  m u t u a l l y  c o m p e n s a t e  e a c h  o t h e r  

u n d e r  the  cond i t i ons  of c a v i t y  c o l l a p s e  m o s t  o f t en  
e n c o u n t e r e d  in p r a c t i c e  at  a p r e s s u r e  c l o s e  to a t m o -  

s p h e r i c .  In t h e s e  c i r c u m s t a n c e s ,  i r r e s p e c t i v e  of the  
i n i t i a l  r a d i u s  the  e r r o r  is  c l o s e  to z e r o .  

At  p r e s s u r e s  above  a t m o s p h e r i c ,  v i s c o s i t y  p r e -  
d o m i n a t e s ,  the  v e l o c i t y  g i v e n  by  f o r m u l a  (2) is  too  
high,  and the  e r r o r  q u i c k l y  d e c r e a s e s  wi th  i n c r e a s e  
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Fig .  1. R a d i u s  of a s p h e r i c a l  bubb le  as a 
f u n c t i o n  of t i m e :  1 - 3 )  r e a l  l i qu id  (C ~ 0, 
D g 0); 4) i dea l  l i q u i d  (C = 0, D = 0); 5 - 7 )  
v i s c o u s  l i qu id  (C ~ 0, D = 0): 1, 7) P0 = 10s 
k g / m  2, R 0 = 10 -7 m;  2, 6) P0 = 105 k g / m 2 ,  

R 0=  10 - ~ m ;  3, 5 ) p 0 =  1 0 4 k g / m 2 ,  R0 = 8 "  
10 -? m .  

in p r e s s u r e .  At  R 0 = 10 -5 m ,  the  e r r o r  i s  abou t  2% 
in the  r a n g e  105<p0 < 2 "  1 0 4 k g .  m - z .  

At  p r e s s u r e s  b e l o w  a t m o s p h e r i c ,  s u r f a c e  t e n s i o n  
p r e d o m i n a t e s ,  the  v e l o c i t y  c a l c u l a t e d  f r o m  (2) is 
too  low,  and the  e r r o r  i n c r e a s e s  r a p i d l y  as the  p r e s -  
s u r e  f a l l s .  H o w e v e r ,  e v e n  at  R 0 = 1 m m  and P0 = 102 
kg  �9 m -2 the  e r r o r  i s  only  10%. 

As a c h e c k  we o b t a i n e d  a n u m e r i c a l  s o l u t i o n  of Eq .  
(1) on an M - 2 0  c o m p u t e r  f o r  w a t e r  at  four  v a l u e s  of 
R 0(10-7;  8 "  10-7;  5 "  10 -6 , and 10 -~ m) and t h r e e  
v a l u e s  of P0 ( 10a, 104 , and 105 kg  �9 m -2) .  

The  c a l c u l a t i o n s  w e r e  m a d e  fo r  t h r e e  c a s e s :  n e i t h e r  
v i s c o s i t y  n o r  s u r f a c e  t ens ion ;  v i s c o s i t y  only; v i s c o s i t y  
and s u r f a c e  t e n s i o n  c o m b i n e d .  

The  r e s u l t s  f o r  R 0 --< 8 �9 10-Tin  w e r e  p lo t t ed  in 

the  f o r m  of g r a p h s  of the  d i m e n s i o n l e s s  r a d i u s  fi and 
v e l o c i t y  fi of the  c a v i t y  v e r s u s  d i m e n s i o n l e s s  t i m e  Z 
( F i g s .  1 and 2). The  c a l c u l a t i o n s  e s t a b l i s h e d  that ,  f o r  
w a t e r ,  t ak ing  v i s c o s i t y  in to  a c c o u n t  has  l i t t l e  e f f e c t  
on the  d y n a m i c  c h a r a c t e r i s t i c s  of the  c a v i t y ,  e x c e p t  
f o r  the  u n i m p o r t a n t  c a s e  R0 -< 8 �9 10 -7 m ,  wh ich  c o r :  
r e s p o n d s  to C > 0.5. The  to ta l  c o l l a p s e  t i m e  i n c r e a s e s  
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F ig ,  2. Ra te  of Col lapse  of a 
s p h e r i c a l  bubble  as  a func t ion  
of t i m e .  1 - 3 )  r e a l  l i qu id  (C ;~ 

0, D ~ 0); 4) i dea l  [ iquid  
(C = 0, D = 0); 5 - 7 )  v i s c o u s  

l iqu id  (C ~ 0, D =  0): 1 ,7)  P0 = 
= 1 0 3 k g / m  2, R 0 = 10 -T in ;  2, 6) 
P0 = 105 k g / m 2 ,  R0 = 10-7 m; 3, 
5) P0 = 1 0 4 k g / m 2 ,  R0 = 8-  10 -~ 

m . .  
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T a b l e  2 

) a r i s o n  of R e s u l t s  of A p p r o x i m a t e  and E x a c t  So lu t ions  

Ro, m 
Po, kg/m 2 1~ 10-' [ 8.10" 10 "6 

K, K, K2 

I0 3 

lO 4 

I0 ~ 

0.8 
0.6 
0.2 
0.1 
0.8 
0.6 
0.4 
0.2 
0.1 
0.8 
0.6 
0.4 
0.2 
0,1 

i 
K, K~ I K, 

2.4 0.3 I 4.48 3.0 8.4 4.70 
3.6 3.2 4.90 
3.6 0.86 4.90 

3 1 5 '  3.64 1.59 
3,72 2:78 [ 1.62 
3.68 2.12, 1.60 
3.45 1.54 
3.18 1.46 
1.13 1.3151 1,Of 
1,05 1.1601 1,00 
0.77 0.9081 0.975 
Im 0.525 0.915 
Im 0.215 0,87 

5.10" 

K2 K, 

4.26 2.01 
4.27 2.09 
3.55 2.16 
3.30 2.16 
1.63 1.12 
1.58 1.12 
1.52 1.12 
1.38 1.11 
1.26 1.09 
1.05 
1.02 1 
1.00 i 0.948 
091 

1.98 
2.04 
2.01 
1.86 
1.135 
1.135 
1.110 
1.106 
1.080 
1.03 

.01 

0.997 
0.987 

1.59 
1.64 
1.68 
1.68 
1.06 
1.06 
1,06 
1,05 
1.05 

1 

1 
0,99 

1.58 
1.63 
1.635 
1.62 
1.065 
1.07 
1.06 
1.05 
1,05 
1 
1 
1 
1 
1 

s l igh t ly .  At R 0 = 8 �9 10 -7 m ,  the  c o l l a p s e  t i m e  b e c o m e s  
in f in i t e ,  and the  v e l o c i t y  i n f i n i t e l y  s m a l l ,  wh ich  is  

c o n s i s t e n t  wi th  the  r e s u l t s  of [3 -5 ] .  
When the  s u r f a c e  t e n s i o n  f o r c e s  a r e  t a k e n  into  

accoun t ,  the  to t a l  c o l l a p s e  t i m e  r e m a i n s  f i n i t e  and 
l e s s  than  tha t  c a l c u l a t e d  by  R a y l e i g h  [2] a t  a l l  the  
i n v e s t i g a t e d  v a l u e s  of the  d i m e n s i o n l e s s  v i s c o s i t y  

p a r a m e t e r .  
F o r  c a v i t i e s  wi th  an in i t i a l  r a d i u s  R 0 >- 5 �9 10-6m 

at  an a b o v e - a t m o s p h e r i c  e x t e r n a l  p r e s s u r e ,  the v i s -  

c o s i t y  and s u r f a c e  t e n s i o n  e f f e c t s  m u t u a l l y  c o m p e n s a t e  

e a c h  o t h e r .  
Thus ,  q u a l i t a t i v e l y  t h e s e  c o n c l u s i o n s  c o r r e s p o n d  

to t h o s e  tha t  f o l l o w  f r o m  the  a p p r o x i m a t e  s o l u t i o n  of 
the  p r o b l e m  p r e s e n t e d  above .  

The  r e s u l t s  of a c o m p a r i s o n  of the  p a r a m e t e r  K= 
= fi [2(1 - f i~) / (3f l  3 )]-1/2, c a l c u l a t e d  a p p r o x i m a t e l y  (K 0 

and exac t l y  (K 2) a r e  p r e s e n t e d  in T a b l e  2. As  was  to 
be  e x p e c t e d ,  the  a g r e e m e n t  i s  s a t i s f a c t o r y  when  the  
d i m e n s i o n l e s s  v i s c o s i t y  p a r a m e t e r  C is l e s s  than 
0.2. 

N O T A T I O N  

fl = R / R  0 is  the  d i m e n s i o n l e s s  c a v i t y  r a d i u s ;  R is  
the  v a r i a b l e  r a d i u s ;  R 0 is the  i n i t i a l  r a d i u s ;  fl = d f i / d ' r  

is  the  d i m e n s i o n l e s s  v e l o c i t y ;  13 = d2fi/d~ -2 is  the  d i m e n -  

s i o n l e s s  a c c e l e r a t i o n ;  T = t / R  (p0/p)  1/2 i s  the  d i m e n s i o n -  
l e s s  t i m e ;  t is  the  t i m e ;  p is  the  d e n s i t y  of the  l i qu id  ; 

P0 is  the d i f f e r e n c e  b e t w e e n  the  p r e s s u r e  at  in f in i ty  
and the  s a t u r a t e d  v a p o r  p r e s s u r e ;  C = 4p/R0(p0p)! /2  i s  
the  d i m e n s i o n l e s s  v i s c o s i t y  p a r a m e t e r ;  D = a/RQp 0 is  
the  d i m e n s i o n l e s s  s u r f a c e  t e n s i o n  p a r a m e t e r ;  p is  the  
d y n a m i c  v i s c o s i t y ;  a is the  s u r f a c e  t e n s i o n .  
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